We present a Carlson type inequality for the generalized Sugeno integral and a much wider class of functions than the comonotone functions. We also provide three Carlson type inequalities for the Choquet integral. Our inequalities generalize many known results.
Introduction
The pioneering concept of the fuzzy integral was introduced by Sugeno [31] as a tool for modelling non-deterministic problems. Theoretical investigations of the integral and its generalizations have been pursued by many researchers. Wang and Klir [34] presented an excellent general overview on fuzzy integration theory. On the other hand, fuzzy integrals have also been successfully applied to various fields (see, e.g., [14, 22] ).
The study of inequalities for Sugeno integral was initiated by Román-Flores et al. [27] . Since then, the fuzzy integral counterparts of several classical inequalities, including Chebyshev's, Jensen's, Minkowski's and Hölder's inequalities, are given by Flores-Franulič and Román-Flores [9] , Agahi et al. [2] , L. Wu et al. [35] and others. Furthermore many researchers started to study inequalities for the seminormed Sugeno integral [1, 16, 17, 24] .
The Carlson inequality for the Lebesgue integral is of the form
where f is any non-negative, measurable function such that the integrals on the right-hand side converge. The equality in (1) is attained iff f (x) = α β + x 2 for some constants α 0, β > 0. The modified versions of the Carlson inequality can be found in [3] and [20] .
The purpose of this paper is to study the Carlson inequality for the generalized Sugeno as well the Choquet integrals. In Section 2, we provide inequalities for the generalized Sugeno integral. The results are obtained for a rich class of functions, including the comonotone functions as a special case. In Section 3 we present the corresponding results for the Choquet integral.
Carlson's type inequalities for Sugeno integral
Let (X, F ) be a measurable space and µ : F → Y be a monotone measure, i.e., µ(∅) = 0, µ(X) > 0 and µ(A) µ(B) whenever A ⊂ B. Throughout the paper
An example of non-decreasing operators is a tseminorm, also called a semicopula [8, 24] . There are three important t-seminorms:
For a measurable function h : X → Y, we define the generalized Sugeno integral of h on a set A ∈ F with respect to µ and a non-decreasing operator
where {h a} stands for {x ∈ X : h(x) a}. For • = M, we get the Sugeno integral [31] . If • = Π, then (2) is called the Shilkret integral [28] . We denote the Sugeno and the Shilkret integral as (S)
Moreover, we obtain the seminormed fuzzy integral if • is a semicopula [30] .
Let f, g : X → Y be measurable functions and A, B ∈ F . The functions f |A and g |B are positively dependent with respect to µ and an operator △ :
where h |C denotes the restriction of the function h :
a △ b = ab, we recover two important examples of positively dependent functions, namely comonotone functions and independent random variables. Recall that f and g are comonotone if (f (x) − f (y))(g(x) − g(y)) 0 for all x, y ∈ X. More examples of positively dependent functions can be found in [16] .
be a non-decreasing and left-continuous operator, i.e. lim n→∞ (x n • y n ) = x • y for all x n ր x and y n ր y, where a n ր a means that lim n→∞ a n = a and a n < a n+1 for all
We recall two inequalities for generalized Sugeno integral.
Theorem 2.1 ([17]). For s 1 and A ∈ F , the Jensen type inequality
A f s • µ A f • µ s (4) holds if a s • b (a • b) s for all a, b ∈ Y. Remark 1. If • = ∧, then (4
) is satisfied provided (S)
A f dµ 1 (see [36] and [16] , Theorem 3.1).
Theorem 2.2 ([16]). The Chebyshev type inequality of the form
holds for all positively dependent functions 
Proof. Observe that all integrals in (6) are elements of Y . From the Jensen inequality (4), it follows that
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The operator ⋆ is non-decreasing, so by (8) and (9),
From (5) we get
To complete the proof, it is enough to apply (11) to (10). Setting r = s = 1, we obtain Theorem 3.1 of Xu and Ouyang [36] (S)
. Taking r = p/(p + q) and Example 2.1. The following inequality for the Shilkret integral of a non-decreasing function f is valid: are not comonotone but
so f and h are positively dependent with respect to P and • L . The conditions (7) are satisfied for △= = ♦ = • L and ⋆ = • = · (see [16] , formula (40)), thus the corresponding Carlson inequality takes the form
where 
provided inf x∈X (g(x)h(x)) = 0. Indeed, put µ(A) = 1 for all A = ∅, f (x) = 1 for x = t and f (x) = 0 otherwise, where t is any fixed point of X. Since
from (12) we have 1 c(µ)(g(t)h(t)) 1/4 , a contradiction with inf x∈X (g(x)h(x)) = 0 and c(µ) < ∞. Therefore, some extra conditions should be imposed on f, g, h or µ.
Now, we present the Carlson type inequality for the Choquet integral of comonotone functions. 
is satisfied [11, 19, 38] . Hereafter, we write f dm instead of Putting g = 1 and r = s in Theorem 3.1, we have
. This result was obtained by Ouyang for p, q > 1 as a consequence of Hölder's inequality for the Choquet integral of comonotone functions f, h and Chebyshev's inequality [25, 37] .
The inequality (13) is sharp. In fact, if µ(B) = 1 for B = ∅, then
where s(φ) denotes the supremum of φ on A, so the inequality (13) takes the form
Since s(φψ) = s(φ)s(ψ) for comonotone functions φ, ψ (see [21] ), the equality in (16) is attained. Now, we provide the Carlson type inequality for the Choquet integral with respect to a submodular monotone measure µ. Recall that µ is submodular if
for A, B ∈ F . The Choquet integral is subadditive for all measurable functions f, g iff µ is submodular (see [26] , Theorem 7.7). Define
where p > 1 and 1/p + 1/q = 1. Proof. Since µ is submodular, the following Hölder inequality
is valid, where φ, ψ 0 (see [32] , Theorem 3.5). The equality in (19) holds if
. By (19) and the subadditivity and positively homogeneity of the Choquet integral, we get
Putting a = Next, we present the Carlson type inequality for the Choquet integral with respect to a subadditive monotone measure µ. (17) , p > 1 and 1/p + 1/q = 1.
Proof. The proof is similar to that of Theorem 3.2, but we use the following inequalities (see [29] )
instead of those in (20) . Since (1/ √ p+1/ √ q) 2 2, the bounds obtained are better than the bounds of [5] .
